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We consider skew-product systems on T¢ x SL(2, R) for Bryuno base flows close to
constant coefficients, depending on a parameter, in any dimension d, and we prove
reducibility for a large measure set of values of the parameter. The proof is based
on a resummation procedure of the formal power series for the conjugation, and uses
techniques of renormalisation group in quantum field theory.
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1. INTRODUCTION
Consider the linear differential equation
X =0Q4A+¢ef(wr))x, (1.1)

on SL(2,R), where A € [a,b] C R, ¢ is a small real parameter, € R? is a
vector with rationally independent components, and 4, f € sl(2, R), with 4 is a
constant matrix and f an analytic function periodic in its arguments. We say that
f is quasi-periodic in time ¢.

Reducibility for (1.1) means the existence of a quasi-periodic change of
variables which takes the system into a system with constant coefficients:

x = B(wt)y, y= Aoy, (1.2)

with B € SL(2, R) analytic and 4 € sl(2, R) constant. In particular if the solution
y(t)is periodic then the solution x (¢) is quasi-periodic, hence bounded for all times.

A special case of (1.1) is the one-dimensional Schrédinger equation with a
weak quasi-periodic potential, or with arbitrary quasi-periodic potential for large
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energy. In the case of the Schrédinger equation indeed an equivalent formulation
of the problem is usually given, where ¢ is arbitrary and X is large enough, so
that the results apply to the higher part of the spectrum; here we rephrase the
results in the formulation (1.1). By assuming a suitable non-resonance condition
on the frequency vector w, reducibility for ¢ small enough and for a large measure
set of values X in [a, b] (for which quasi-periodic solutions exist) was proved by
Dinaburg and Sinai,® by using KAM techniques; see also ref. 32 for a review.
Weaker non-resonance conditions were shown to be possible by Riissmann, 33
then used by Moser and Poschel®! to enlarge the set of values A for which
reducibility can be obtained. Reducibility almost everywhere in A and for small &
has been obtained by Eliasson, !?) for @ a Diophantine vector.

A brief survey on the problem of reducibility for skew-product systems
can be found in refs. 12, 13. In particular results similar to those by Eliasson,
— i.e. reducibility almost everywhere for Diophantine frequency vectors, — in
the case of other Lie groups, also not close to constant coefficients, have been
obtained by Krikorian. ?>2% Very recently, Avila and Krikorian(! proved, by using
renormalisation techniques, that, if @ belongs to a subset of full measure of the
Diophantine vectors ind = 2, for all values of ¢ and almost everywhere in A, quasi-
periodic Schrodinger cocycles are either reducible or non-uniformly hyperbolic.

The usual Diophantine condition for @ requires that there exist two positive
constants C and 7 such that

lw-v| > Colv|" VveZ\ {0}, (1.3)

where |v| is the £;-norm of v; the vectors satisfying (1.3) for some Cy > 0 have full
measure if one fixes 7 > d — 1. We shall refer to (1.3) as the standard Diophantine

condition, and we shall call Diophantine vectors the vectors satisfying (1.3) for
some Cy > 0andsomet >d — 1.

Riissmann’s non-resonance condition is weaker than the usual Diophantine
one. It is expressed in terms of a suitable approximation function,®'3% and it is
equivalent to Bryuno’s condition. The latter can be formulated by requiring

| 1
Z —log———— < o0, (1.4)
— 2n inf |- v|

0<|v|<2n

and was originally introduced by Bryuno.*> We shall cal Bryuno vectors the
vectors satistying (1.4).

Bryuno vectors have been considered in the case of skew products on
SL(2, R) also by Lopes Dias in ref. 30, where a normal form theorem (analo-
gous to Lemma 22 below) is proved with renormalisation group techniques, for
d = 2; moreover, contrary to what we shall do, the non-resonance condition with
the eigenvalues of L A4 is assumed there to be of Diophantine type. Renormali-
sation group techniques have been also used in ref. 24 for any d, in the case of
Diophantine vectors.
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In this paper we consider Bryuno vectors in any dimension, and, for ¢ small
enough, we prove reducibility for (1.1) on a large measure set of values of 1. We
can formulate our result as follows.

Theorem 1. Let A € sl(2, R) be a constant matrix with imaginary eigenvalues
and f € sl(2, R) an analytic quasi-periodic function of time. Let @ € R? be a
Bryuno vector. Then there exists gy > 0 and o > 0 such that for all |e| < g the
set of values ) € [a, b] for which the system (1.1) is not reducible is of Lebesgue
measure less than const.|g|°.

The result is analogous to that of Riissmann for the Schrodinger equation,
even if formulated more generally in terms of skew products. Though, we note
that the estimates we find for the excluded set are much better than those provided
by standard KAM methods (cf. for instance ref. 25). We shall see along the proof
that the smaller ¢, the closer to 1 o can be chosen.

The main novelty of this paper resides in the techniques, which are completely
different from the standard KAM techniques: they are techniques of renormalisa-
tion group typical of quantum field theory, based on a diagrammatic representation
of the equation in terms of trees. They are inspired to the method introduced in
the pioneering works, !> then developed in refs. 19, 20, 22 for problems which
present technical aspects analogous to the ones of the problem studied here. Trees
for skew-products were already introduced by Iserles and Nersett, ?7?® but they
used expansions in time, hence not suited for the study of global properties, such
as reducibility and quasi-periodicity.

The proof of Theorem 1 will proceed through the following steps. In Section 2,
we reduce the study of system (1.1) to the study of a system of differential equations
in €2, that we call here the “auxiliary system”, and we see that the property for
x to have detx = 1 can be interpreted as the existence of a suitable first integral
for the new system. Next, in Section 3 we look for a quasi-periodic solution of the
auxiliary system: first, we try for solutions in the form of formal power series in
¢. However, in order to define such series, even order by order, we cannot fix A.
Instead, we write A = A¢ + u, with A in some interval A, and we see that for fixed
Ao there exists a formal power series for p such that the auxiliary system admits a
formal power series solution. Hence the formal series turn out to be well-defined
order by order, but it may be shown that a subseries of the expansion diverges
for all ¢ # 0 (see the remarks after Lemma 8). In order to arrive at a convergent
expansion, it is necessary to exploit some delicate cancellations between the tree
values. This allows us to perform a suitable resummation of the formal series
(for a discussion of the method within the standard KAM theory we refer to
refs. 16, 18) and leads to a “renormalised series" defined in terms of a multiscale
decomposition (see (4.4) and subsequent formulae). For that purpose the Bryuno
condition (1.4) is required and quite natural (see (5.13) in the proof of Lemma 13).
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The renormalised series are introduced in Section 4, and in Section 5 are proved
to converge to well-defined functions. The latter are analytic in & and solve the
differential equation of the auxiliary system, provided A¢ is chosen in a subset Aj
of Ay. Finally in Section 6 we have to control that the set of values A € [a, b] for
which the above procedure can be followed coincide with [a, b], up to a small
measure set.

We conclude with two comments.

Given the system (1.1) one could also consider another problem: fix A and
study for which values of ¢ (small enough) the system is reducible. This a natural
question if, for instance, instead of the Schrodinger equation, one considers Hill’s
equation, where there is no free parameter other than ¢ itself. Under suitable
(generic) conditions on the potential (like £, ¢ # 0) the problem is of comparable
difficulty (cf. refs. 29, 36 for Diophantine w), and reducibility on a large measure
set of values of ¢ can be proved. But, in general, if no condition at all is assumed
on the potential (besides analyticity), further difficulties arise; cf. refs. 6, 17, 21
for similar situations. In particular in ref. 21 Hill’s equation perturbed with a small
quasi-periodic potential was studied under the standard Diophantine condition,
and reducibility for a Cantor set of values of ¢ was proved.

More generally one can consider skew-products flows on T¢ x SL(n, R), for
any n (and any d). In principle our techniques apply also in such a case: of course
the tree formalism becomes more involved. Also, less smooth potentials can be
considered, like in refs. 1, 24, 25, but in the case of Bryuno vectors analyticity is
likely to be the optimal regularity condition on the potential.

2. PRELIMINARY CONSIDERATIONS

Assume A € [a, b] C R\ {0}; we shall see later that the condition 0 ¢ [a, b]
can be relaxed (cf. the end of Section 6). Let 4 € s1(2, R) with imaginary eigen-
values. Possibly renaming a and b we can assume that the eigenvalues be +i. Let
f:T? - sl(2, R) be real-analytic, @ € R a real vector, and ¢ a real parameter.

Consider the ordinary differential equation

X =AA4A+¢ef(wt))x, 2.1

on SL(2, R).
We can assume that 4 be of the form

0 1
A:(_l 0), 22)

and, through a suitable change of coordinates, we obtain

. 1 _.
De=mam = (1 O m=2(1 ), M= 1),
0 —i 2\1 I i —i

2.3)
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Then, for z = MxM~", we find the equation

z=AD + eg(wt))z, (2.4)
withg = MfM~".
Let us introduce some notations. Given a 2 x 2 matrix M, we write
My M
M = , 2.5
(le M22> 3)

and we denote by [4, B] the commutator of the two matrices 4 and B. Forz € C
denote by z* the complex conjugate of z. By §; ; we denote the Kronecker delta.
WesetZ, ={neZ:n>0}=INU{0},and ford € Nand 0 € Z?, define Z¢ =
74\ {0}. Given any set A C R, we denote by meas(4) the Lebesgue measure of
A.

Lemma 1. Letg= MfM™"', with f € sl(2, R) and M given as in (2.3). Then
g €512, C), and one has g1 = g5, and g1» = g5,.

Proof- The property for g to be traceless follows from the fact that tr (M fM~") =
tr f = 0. The relations between the entries of g can be checked by a direct com-
putation:

2gn = fu+ f2tilfiz—fa),
2g2 = fu— f2—i(f+ /), (2.6)
21 = fu— fatilfiz+ f2),
2gn = fu+ fo—i(fiz— fa),
where all entries f;; are real. n
Define
M :={G eSL2,C): G;; =G5, Gn=G_G5}
m:={gesl2,C):gn =gy g2=gl 2.7
It is easy to see that 91 is a subgroup, and m is the corresponding Lie algebra.
Lemma 2. Consider the equation z = Sz, with S = S(t) € m and z(0) € M.
Then z(t) € M for all t € R for which the solution is defined.
Proof. Write explicitly the equations for the entries of z:
Zn = Snzu + Sz,

Zip = S1iziz + Sz,
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. k k

Zy1 = Suzi + Swzor = Shzin + S 221, (2.8)
. k k

Zyp = Snz12 + Snzo = ShHhzi + 81222,

so that, by setting w = (wy, wy), with w; = z; — z3, and wy = zp; — z},, one
obtains w = Sw. If z(0) € M then w(0) =0, so that w(r) =0 for all £ € R.
Moreover, if §(¢) = detz(¢), one finds

5= (Su + Si)Enze — z12z21) = (St + S7))8, (2.9)
where Si; + S, = Si1 + S = tr S = 0. Hence §(¢) = 6(0) = 1. [ ]

Therefore it is not restrictive to consider the differential equation
X =@QA4A+¢ef (o)) x, (2.10)
on 91, with

A:(é _Ol.), f e C(T?, m), (2.11)

and this we shall do henceforth. Write A = Ag + i, and set x = B(wt)y, with y
solution of

y =14y, »(0)=1, (2.12)
that is
ei}ngl‘ O
y(t) = < 0 e—ixox) . (2.13)
Then B = B(wt) must solve the differential equation
B+ xo[B, Al = (¢f + nA) B, (2.14)
and one has det B = 1 if detx(0) = 1.
Write
a b
B :=1+58, ﬁ—(c d)' (2.15)

Then the following result holds.
Lemma 3. With the notations in (2.15) one has a =d*, b =c*, and a +d +
ad — bc is constant along the flow. If det B = 1 then

trp+detp=a+d+ (ad — bc) =0. (2.16)
forallt € R.



Resummation of Perturbation Series and Reducibility for Bryuno Skew-PL 327

Proof. Since 9 is a group and y € 9, then B € M if x € M. More generally,
det B(wt) = det B(0), which means thatdet B = 1 + a + d 4+ ad — bc is constant
along the flow. By requiring det B = 1 gives (2.16). [ |

In terms of B, (2.14) becomes

B+ rolB, A1 = (ef + nA) (14 B), (2.17)
which, written explicitly for the corresponding entries, gives
sfii +in+e(fiia+ fre)+ipa,
b —2iroh = efiy + & (fi1h + fiad) +iub, (2.18)
¢+2ikoc = gfn +e(fna+ fnc)—inc,
d=cfy—in+e(fub+ fod) —ind.
If we use that d = a¢* and b = ¢*, Eq. (2.18) reduce to two independent equations
a=c¢fn+in+e(fia+ fae)+ina,
¢+2ikoc = efy +e(fua+ fc)—inc,

which is the system the we are going to study.
We can view (2.19) as a system of ordinary differential equations on C2. Such
a system admits a first integral, as the following result shows.

a

(2.19)

Lemma 4. Given the system (2.19), the function
H=H(a,c):=a+a +(a)* —|c]?) (2.20)

is a constant of motion, that is H = 0.

Proof. Just note that (2.19) is a rewriting of (2.14). Lemma 3 shows that det B is a
constant of motion. In terms of a and ¢, this means that (2.20) is conserved along
the flow. u

3. FORMAL SERIES

For any function F defined on T set, formally,
F) =) ¢"VF, (3.1)
veZd

where - denotes the standard inner product in R¢. If F is analytic the Fourier
coefficients F, decay exponentially at infinity. In particular if f € C*(T¥, s)
there exists two constants Fy and kg such that | f;; | < Foe ™"l for j, j' =1, 2.
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Assume that @ € R? is a Bryuno vector. This means that, by setting o, (@) =
info<|yj<2» |@ - v|, one has

[e.¢]

1 1
B(w) := Z 7 log (@) < 0. (3.2)

n=0

In terms of the Fourier coefficients 8,, (2.19) gives for v # 0
iw-va, = efiy +&(fua+ fioo), +inay, 33)
i(w-v+2x)cy =efor +e(f21a + fn0), —ipcy,
and forv =0
0=c¢fi0+in+e(fiia+ fiac)y +ipa,

(3.4)
2ihgco = &f21,0 + & (fa1a + f20)y — i co.

3.1. Recursive Equations

Assume A # 0. We shall see that © = O(e), so that the assumption is satisfied
forall 1 € [a, b] if € is small enough and 0 ¢ [a, b]. In fact it would be enough to
require that min{|a/|, |b|} be of order |¢|?; cf. the end of Section 6.

We can write a formal power series in ¢ for §, by setting

p=pon=) Y%, O =) VY. (5
k=1

veZd

The properties a = d* and b = ¢* imply a} = d_, and b} = c_,. In the same way

S emyields f{} | = fxn v, hence fi1, + f _, = 0,and /{5 , = fo1.-».
If we write also

oo
p= etu®, (3.6)
k=1
and we insert (3.5) and (3.6) into (3.3) and (3.4) we find
=L (37
& = -izlis |
fork=1andv #0,
wD =i firo.
(3.8)

O _ i
C =~z J210,
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fork=1andv =0,

1
k . Z k-1 k-1 . Z k) (k
al(i ) = I ) < (fll,vlal(lz ) fl2,vlc£'2 )) I /"L( l)ai 2)> ?

vi+vy=v ky+hy=k

1
k) — _; E (k=1) (k—1) ; E (k1) (k2)
v __lw.v+2k0< (le«"lavz +f22""c"2 )_l # 1CV2)’

vi+vy=v ki +ka=k
(3.9
for k > 2 and v # 0, and

. — — . k:
n® =l( 3 (fum@l ™+ fron ) +i > g 2)),

vi+vy=0 ky+hoy=k

*) i - - - k), (k)
< =_2,\0( ) (f21,u1a52 Ut e, l))_’ > /‘(I)Coz), (3-10)

vi+vy=0 ky =k

fork>2andv = 0.

Lemma 5. Let w be a Bryuno vector. For v # 0 define n(v)={n : 2n"~' <
[v| < 2"}. Assume that there exists C, > 0 such that |® - v 4 2X¢| > Ci0,()(@)

forallv = 0. Let u® and c(()k) be fixed for all k > 1 according to (3.8) and (3.10).
Then there are formal power series (3.5) and (3.6) for B and ., respectively,
recursively determined from (3.7) to (3.10), which solve order by order Eq. (2.19).

The constants a(()k) can be arbitrarily fixed.

We omit the easy proof, which can be obtained also as a byproduct of the
forthcoming analysis. Therefore, the formal solubility of the Eq. (2.19) requires
that ©® and cf,k) be fixed to all orders k > 1, while all coefficients a((,k) are left

undetermined. We can fix the latter by requiring (2.16).

Lemma 6. Ifwe fix

a‘()l) =0 (3.11)
fork =1, and
1
D DD D R CREY
ki+hy=k veRd

fork > 2, then

H(k) — a(k) + a(k)* + Z (a(kl)a(kz)* _ C(kl)c(kz)*) — 0’ (313)
ki +ky=k
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(U (1) (k)
(5") J*O O (h) j.—'u ® () jTV ®

Fig. 1. Graph elements representing (a) u for] =1,2and u® for j =3, (b) uD oy # 0, and (¢)

jv?
(k) . Only in (a) one can have j = 3, 0therw1$e J = 1,2. For v = 0 the latter graph reduces to the first
graph while for £ = 1 and v # 0 it reduces to the second graph.

SJorall k € IN.

Proof By Lemma 4 to all orders k > 1 the function H® is formally a constant,
so that Hlfk) =0 forall £ > 1 and all v # 0, while Hél) = a((,l) + a(()l)* and

Hék) _ af)k) (k)* + Z D) g _ C(kl)c(kz)*)o (3.14)
ky+ky=k

for £ > 2 are constants. If we fix a((]k) recursively according to (3.11) and (3.12),

then H‘;k) = 0, so that (3.13) follows. [ ]

The recursive Egs. (3.7)—(3.12) can be graphically represented in terms of
linear trees as follows.

Callu = (uy, up) = (a, c). Set also u( ) = af,k) and u(zki = cf, >, and represent
u(kz, as a line carrying the labels j € {1, 2} and v € Z“ exiting from a bullet
carrying the label k, with k € IN. We call k, j, v the order label, the component
label and the momentum label, respectively. We colour the bullet with white if
v = 0 and with grey if v # 0; in the latter case, for £ = 1 we draw the bullet as a
black bullet instead of a grey one; cf. Fig. 1. We call graph elements the graphs
which are drawn this way. We represent also u®) by a graph element, by using the
same graph for ) except that j = 3, i.e. we set u® = u(k)

Then Eq. (3.9) can be represented as shown in Fig. 2, provided we give some
rules in order to associate with the graphs suitable numerical values.

In the two graphs on the right hand side of Fig. 2 there are two lines ¢,
and £,, with labels (ji,, v¢,) = (j, v) and (ji,, ve,) = (ja2, v2), respectively. In the
first graph we associate a mode label v, = v, € Z? and a node factor F, =
Jjj»» Wwith the black point v between the two lines. In the second graph we

associate a mode label v, = v = 0, an order label k, = k; and a node factor

(k) (k1) (k1) (k2)
@ =@  f -~ @

v LV vy g2,V J.v J.v

Fig. 2. Graphical representation of (3.9), expressing the coefficient u(k) fork>2,j=1,2,andv # 0

in terms of the coefficients u(, ),, with " < k. In the first graph one has the constraint v = v| + vy,
while in second graph one has the constraint k = ky + k».
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F, = (=1)/"lip®§; ; with the white square v between the two lines. In both
graphs we have the constraint v = v; + v,, which fixes v, = v in the second graph.
With the line £, we associate a propagator g, such that go, = 1/iw-vif j =1
and g, = 1/i(® - v + 2A¢) if j = 2, — note that in both graphs one has v # 0.
Finally the line ¢, together with the grey bullet which it comes out from forms a
graph element as shown in Fig. 1(c), so that it represents u(] byo With ko =k — 1
in the first graph and (>, v2) = (j, v) in the second one.

To obtain '), with v # 0, one has to sum over all labels the products of the

Jj
propagator g, times the node factor F, times the coefficient ui’?iz represented by

the graph element attached either to the black point or to the white square, with
the constraint that the labels j, v, k are kept fixed. The quantity that one obtains
this way is just the right hand side of Eq. (3.9). Of course j = 1 means that the
corresponding graphs represent contributions to a( ) , and j = 2 means that they
represent contributions to W,

Analogously we can represent graphically (3.10) as in Fig. 3. The difference
with respect to Fig. 2 is that now v = 0, and j € {2, 3}. For j = 3 we obtain a
contribution to 1¥), whereas for j = 2 we have a contribution to c( ). The quantities
to be associated with the black points, the white bullets, the wh1te squares and the
graph elements are the same as defined in the case of Fig. 2. With the line ¢, we
associate a propagator g, such that g, =i if j =3 and g,, = —i/2A¢if j = 2.
Finally, also af,k) can be graphically represented from Eq. (3.12) in terms of
the coefficients with lower order; cf. Fig. 4. In such a case, in the graph on the right
hand side, the line £; which carries the labels (j,,, v¢,) = (1, 0) has propagator
g, = 1/2, and comes out from a white bullet v with two entering lines carrying
labels (ji,, ve,) = (ji, v1) and (jo,, ve,) = (j2, v2), with the constraints j; = j»
and v| + v, = 0. The node factor is F, = (—1)/.

3.2. Linear Trees

We can iterate the graphical construction given in Figs. 2, 3 and 4 by devel-
oping further the graph elements on the right hand side according to same figures.
At the end we obtain that u( ),v#£0, 1™ and ¢ can all be expressed in terms
of linear trees (or chains), wh1ch are constructed as follows.

(k) (k—1) (k1) (k2)
- ) = - s - + - [— i_:

5.0 ~ 70 b, J._),uz‘ 70 = ;0
Fig. 3. Graphical representation of (3.10), expressing the constants u® (if j = 3) and c ) (ifj=2)

for £ > 2 in terms of the coefficients u(, ),, with &" < k. In the first graph one has the constraint
0 = v; + vy, while in second graph one has the constraint k = ky + k».



332 Gentile

Fig. 4. Graphical representation of (3.12), expressing the constant a‘()k) (hence j = 1) for k > 2 in

terms of the coefficients u(/,]f/l/, with X' < k. One has the constraints 0 = vy + v, k = k1 + kp, and
J1=j2€{l,2}. ’

A tree is a collection of points and lines connecting them, such that all lines
are oriented toward a unique point, with the property that only one line enters such
a point. The latter is called the roof of the tree, and the line entering the root is
called the root line. By construction any point different from the root has one and
only one line coming out from it, called the exiting line of the point. A linear tree
is a tree such that each point has only one line going into it, called the entering
line of the point, except one which has no entering line at all. The latter is called
the endpoint of the tree. All the points except the root and the endpoint are called
the nodes of the tree.

Denote by V(0) and L(9) the set of nodes and the set of lines, respectively, in

the tree 6. One has |L(0)| = |V (0)| + 1. Sometimes it can be convenient to denote
by P(0) the set of nodes plus the endpoint of 6.
We can number the lines and nodes as ¢4, ..., £y, and vy, ..., vy_1, with

N = |L(0)| = 1, in such a way that £y connects the endpoint vy to the node vy _;
(the first node), each line £, k = 2, ..., N — 1, connects the node v; to the node
vi—1, and £; connects the node v; (the last node) to the root.

A node v can be either a black point or a white square: in the latter case one
must have v, = 0. The endpoint of the tree can be either a white bullet or a black
bullet: the line £ coming out from the endpoint carries a momentum v, = 0 in
the first case and a momentum v, # 0 in the second one. Examples of trees are
depicted in Figs. 5 and 6.

With each node v which is a black point we associate an order label k, = 1
and a mode label v, € Z?, and with each node which is a white square we associate

(k1) (k2)
5V Vi j2,V2  Jo,V2 V3 ja, V4 Vs Je, V6  J6,Ve V7 Jg, V8 V9 ji10, V1o

Fig. 5. An example of tree of order £ with 7 nodes and 8 lines, and with an endpoint which is
a black bullet. One has the constraints k = 6 4+ ky + k2, v = v| + v2, v) = v3 + v4, V4 = V5 + Vg,
ve = v7 + 3, ¥§ = V9 + v1o. The constraint that the lines connected to the white squares carry the
same component and momentum labels has been taken into account explicitly. The order labels of the
black points and of the black bullet are not shown, as they are necessarily 1. Also the mode label of
the black bullet is not shown, as it is necessarily vyy.
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(k1) (2)

o . ] .
5V Vi j2,VaV3 ja, V4  Ja,Vi Vs Js,0

Fig. 6. An example of tree of order £ with 4 nodes and 5 lines, and with an endpoint which is
a white bullet. One has the constraints k = 3 + k| + kp, v = v| + vy, v) = v3 + V4, V4 = V5 + Vg,
with vg = 0. The constraint that the lines connected to the white square carry the same component and
momentum labels has been taken into account explicitly. The order labels of the black points are not
shown, as they are necessarily 1.

an order label k, € IN and a mode label v, = 0. If the endpoint v is a black bullet
we associate with it an order label k, = 1 and a mode label v, € Z%, if it is a
white bullet we associate with it an order label k, € IN and a mode label v, = 0.
With each line £ we associate a component label j, € {1, 2, 3} and a momentum
v, € Z. For each node we have the conservation law that the momentum of the
exiting line equals the sum of the mode of the node plus the momentum of the
entering line

As the tree is linear, for each node v there are only one line ¢ = £, which
comes out from it and only one line £/ which enters it. If v = v; this means
that £, = €;_; and ¢, = £;. With these notations, the conservation law reads
Ve, =Vy + vy

Once all labels have been assigned, we associate with each node v the node
factor

Sievig v (1—6;,3)+ J1j, 985,53, visablack point, 615)
v (=1t ®s, o8, v is a white square, '
with the endpoint v the endpoint factor
Sji,1.v,» v 1s ablack bullet,
F, = k) (3.16)
u j;’"o, v is a white bullet,
and with each line £ coming out from a node the propagator
—i/@- vy, ve #0, je=1,
o _l/((() *Vy + 2)\0)7 Vy 75 07 j( = 29
87 —ij2a, v =0, ji =2, G.17)
i v, =0, j,=3,
and with the line ¢ coming out from the endpoint the propagator
—i/@- vy, ve #0, je=1,
gei= 1 —i/(@-ve+2h), ve#0, jo=2, (3.18)
1, v, =0, jo=1,2,

The propagators (3.17) and (3.18) are equal as far as v, # 0, but they are different
when v, = 0.
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One has the further constraints that one can have v, = 0 in (3.17) only if £
is the root line, and j,, = 3 in (3.15) again only if ¢, is the root line. In particular
the only lines which can have vanishing momentum are the root line and the line
coming out from the endpoint, and the only line which can have component label
j = 3 is the root line. Finally if | P(6)| = 1 then the endpoint of 6 has to be a black
bullet. Define 62, iv the set of linear trees with labels j, v associated with the root
line, and with 3~ g &y = k.

Lemma 7. Letw be a Bryuno vector. For v # 0 define n(v) = {n : 2"~! < |v| <
2"}. Assume that there exists C; > 0 such that |® - v + 21| > Ciauw)(®) for all
v # 0. One has

W= Y Vale), k=1, v#£0 j=12

LG
o 3.19
ub = Val@), = Y Val®), k=1, G19
0€6} 3, 0€0} 10

where the tree value Val(0) is given by

Val(@):( I1 gg)< I1 Fu>, (3.20)
eeL(9) veP(6)

with the propagators g, defined by (3.17) and (3.18), and the factors F, defined
by (3.15) and (3.16). One has n'® e R for all k > 1.

Proof. The only non-trivial statement is that u(*) is real, — the other assertions can
be easily derived from the discussion above (or can be proved by induction on k).

We prove that ©® € R by induction. One has u" € R because u'" = ifi1.,
and f} ¢ is purely imaginary.

Ifk = 2, for each tree 6 € ®2’3!0 we distinguish three cases: (a) the endpoint
of 6 is a black bullet, (b) the endpoint is a white bullet and the line coming out
from it carries a label j = 1, and (c) the endpoint is a white bullet and the line
coming out from it carries a label j = 2.

We discuss first case (a). Given 8 we consider the tree T = t(6) obtained as
follows. First, detach the root line from the last node and attach it to the endpoint,
and change the orientation of all lines; then the last node of 8 becomes the endpoint
of 7 (graphically it is transformed from a black point into a black bullet) and vice
versa. Second, change the sign of all the mode labels.

Of course we can write u® = Zeee);? " Val(z(9)). If we compare t(6) with 6
we see that the propagators are not changed, because the sum of all the mode labels
iszero,ie. ) . p(oy Vv = 0. The node factors corresponding to white squares v are
not changed (they remain i u*)), while the node factors corresponding to black
points are changed from fj, ;; », into f ;, _,, . The same happens to the endpoint
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factor, which becomes f1;, ,_»,. Recall that one has fl*Z,—v = fa1.v, f2*1,7v = fl2.
and f{} _, = —fi1.»; moreover g; = —gy, as it follows from (3.17) and (3.18),
and u®* = u*) by the inductive assumption.

Then if we compute Val*(t) we obtain Val*(7) = (—1)t@!(—1)/@Ival(H),
where L(0) is the set of lines in 0, and J(0) is the setof v € P(0) with je, = jer (we
set j, = 1ifv is the endpoint), hence including the white squares. It is immediate
to realize that |P(0) \ J(0)] is even, so that |J(0)| has the same parity as | P(0)|.
As |P(0)| = |L(9)] this yields Val*(z) = Val(9).

In case (b) we can write Val(9) = Val(@l)af)k‘) for suitable 0; and k;, with

a(()kl) real by (3.12). More precisely 0, is the tree of order k — k| obtained from 6 by
detaching the graph element representing a(()kl) and replacing the first node with an
endpoint. Then we can construct a tree t; = t(0;), and reason for 6; as done for 6
in case (a). The same conclusions hold, in particular one finds Val*(z;) = Val(6,).

Finally in case (c) we can write Val(8) = Val(9;) c((,k') for suitable 6, and &,
and develop c((,k') in terms of trees (according with a procedure which will be
extensively used in the following), and so on, until we reach a tree which belongs

to case (a) or case (b), up to the fact it can contain lines £ with v, = 0 and

gy = —i/2Xp; see (3.17) and (3.18). Therefore we can reason as in the previous
cases (a) and (b).
By putting together all the cases, at the end we obtain u® = p®*, [ |

Note that the set @2_1’0 does not appear in (3.19). This is necessary as the

map 6 — Val(0) is not defined for 6 € @2’1!0; see (3.17). In fact, af,k) cannot be
represented as a sum of values of linear trees, but still we can write for £ > 2 (and
setting a‘()l) =0)

1 4 ' '
al = 5 DTN Y I vale) Y val (), (3.21)
ki+ky=k veZ? j=12 01€07, 1, 02600, 1,
where ' means that we must interpret

Z Val(6) := al. (3.22)

0€0) |,

Hence also a

k . .
((] ) can be expressed in terms of linear trees.

3.3. Nonlinear Trees

Each node represented by a white square can be further expanded in terms
of trees as follows. First replace the white square v with a black point and attach
to the latter a further graph element representing u*), if k, is the order label of
v (cf. Fig. 5), hence the graph element is expressed in terms of trees according to
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the first graph in Fig. 3. With the new node v, represented by a black point, we
associate a mode label v, = 0 and an order label &k, = 0.

In the same way also the endpoints which are drawn as white bullets can
be expanded according to the second graph in Fig. 3 if the exiting line carries
a component label j = 2 and according to the graph in Fig. 4 if the exiting line
carries a component label j = 1.

Of course if we do this, then nonlinear trees appear. Nonlinear trees are
partially ordered sets of points and lines connecting them, and not totally ordered
sets, such as linear trees are. The advantage of this procedure, however, is that at
the end, the trees have only endpoints with order 1 and all the node factors are
quantities fixed (and not to be determined iteratively). The new trees can have also
nodes with two entering lines. If we denote by p, the branching number of the
point v, that is the number of lines entering v, then p, = 1, 2 if v is a node, while
py = 0is v is an endpoint.

A node v with p, = 2 has the following properties. Denote by ¢, the exiting
line of v, and by ¢ and ¢, the entering lines of v. Then either (i) jo,, = 1, v¢, =0
and jy, = ji,, Ve, = Vi, or (il) jo, = 3, v, = 0 and j,, = jy,, Ve, = vg, # 0 o1
(iii) je,, = 3, ve, = 0 and jo, = jy,, Ve, = vy, # 0. Moreover in case (i) one has to
take the complex conjugate of all propagators, node factors and endpoint factors of
the subtree with root line £,. In all cases k, = 0 and v, = 0, so that the conservation
law is obeyed also in this case; cf. Fig. 7. The corresponding node factor is

(1/2)(=1)78,, 085, pv = 2, case (i),

Yy = _ (3.23)
(1/2)(—=1)771i8,, 082,  py =2, cases (ii) and (iii),

where & recalls the constraints on the labels of the entering and exiting lines of
v, which are detailed above and illustrated in Fig. 8. The factor 1/2 in the second
line of (3.23) aims to avoid overcountings of trees.

The nodes with branching number 1 can be only black points, because there
are no more white squares. Hence (3.15) must be replaced with

Fy, = /{jeuje{.avL~(1 - 5/’&3) + fljz’v*"v(sjzu~3’ po=1 (3-24)
(kv)
(kv) 3,0
- M — — - -
hv = v LV 0 v

Fig. 7. The quantity %) appearing in the node factor associated with v can be expressed according
to (3.10). This can be interpreted graphically by replacing the white square as shown in the figure: the
graph element entering the node v represent *v), and it can be further developed in terms of trees
according to Fig. 3.
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3,0

Fig. 8. Nodes with branching number 2. The corresponding node factors are defined in (3.23). The
entering lines are assumed to come out from other nodes or from endpoints, and the exiting line either
enters another node or is the root line. The label * on the lower entering line of the first graph means
that one has to take the complex conjugate of the value of the subtree with that root line.

which represents the node factor of any node v with p, = 1. The corresponding
order label is k, = 1, always. A line £ exiting from a node v can have also v, = 0
when j, = 2.

All endpoints v have, by construction, k, = 1, and are drawn as bullets
coloured with black if v,, # 0 and coloured with white if v, = 0, in the latter
case one must have j, =2, as af)l) = 0; see (3.11). The endpoint factor of the
endpoint v is given by

Fyi= fio 1w, (3.25)

which replaces (3.16). If v is a white bullet then necessarily j,, = 2.
Finally, with the new rules, the propagator of any line £ is given by

—i/@ - vy, ve#0, je=1,
—i/(@-ve+2Xh), ve#0, jo=2,

a=11 v =0, j, =1, (3.26)
—i/2X\o, ve=0, jo=2,
i v, =0, j,=3,

which replaces both (3.17) and (3.18).

An example of tree with the new rules is given in Fig. 9. The order labels
are not shown, for simplicity (as the are identically 1, except for the nodes with
branching number 2, which have order label 0).

We still denote by V' (6) and L(0) the number of nodes and lines in 6. Define
also £(#) the number of endpoints of 6, and set P(0) = V(0) U E(#). Furthermore
call V,(0), p =1, 2, the set of nodes v € V(#) with branching number p, = p,
and L((0) the set of lines ¢ € L(6) with v, = 0 which do not come out from
endpoints. Then one has |L(0)| = |V2(0)].

We say that two trees are equivalent if they can be transformed into each other
by continuously deforming the lines in such a way that the latter do not cross each
other. Define ® ; , the set of inequivalent trees with labels j, v associated with
the root line, and with ky = ZUE},(G) k, = |P(0)| — |V2(0)| = k. The number of
inequivalent trees in Oy ;, with fixed assignments of the mode labels {v,},cp()
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Fig. 9. An example of tree of order £ = 7 with 6 nodes, 3 endpoints and 9 lines. All endpoints and
all nodes with branching number 1 have order 1, while the nodes with branching number 2 have order
0 (hence it is useless to write the orders explicitly). In principle the mode labels of the nodes with
branching number 2 and the labels of the lines coming out from the endpoints which are white bullets
could be omitted, as they are uniquely determined. The conservation law for the momenta has been
taken into account explicitly, except for vy = v3 + v4. One has | V1(0)| = 4 and |V2(0)| = |Lo(0)| = 2,
so that kg = 7.

can be bounded by a constant to the power k: indeed a tree of order £ has P(9) < 2k,
so that the number of unlabelled trees of order & can be bounded by the number
of random walks with 4k steps, i.e. by 2*, and all labels except the mode labels
assume a finite number of values.

We can summarise the considerations above into the following formal state-
ment.

Lemma8. Let @ be a Bryuno vector. For v # 0 define n(v) = {n : 2"~! < |v| <
2"}, Assume that there exists C; > 0 such that |@ - v + 24g| > Cianw)(®) for all
v # 0. One has

WP = 3 vale), k=1, j=1,2,

J.v
I (3.27)
p = 37 Val@d), k=1,

0€0 3.0

with the tree value Val(0) given by

Val(0)=< I gg)< I1 F) (3.28)

teL(®) veP ()

with the propagators gy given by (3.26), and the factors F, given by (3.23), (3.24)
and (3.25). One has u® € iR for all k > 1.

Even if (3.28) looks the same as (3.20), the meaning of the symbols is
different.

The formal series (3.27) is well defined, as it is easy to check, but to order %,
in general, we obtain for Val(6) bounds growing like k! to some positive powers,
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so that summability is prevented if we try to estimate the series (3.27) by taking
the absolute values of the tree values. To give a meaning to the formal series, we
have to exploit some remarkable cancellations between the tree values. This can be
showed by introducing a suitable resummation criterion of the series, which lead to
anew series in which to any order & each tree value can be bounded proportionally
to a constant to the power k. This will be done next.

4. RENORMALISED SERIES

Consider a tree 6, and suppose that each line £ carries a further label n, €
Z., U {—1}, the scale label. We say that a connected set of lines and nodes 7' C
L(0) is a cluster on scale ny if (i) all lines in 7 have scales no smaller than ny,
(i1) at least one line in T is on scale nr, and (iii) it is maximal (which means that
the lines connected to 7 but not belonging to it are on scales less than ny). If T
contains only one node (and no lines) we set ny = —1, as in the case in which all
lines in T are on scale —1.

If 0 is a linear tree then all clusters have only one entering line, while in
nonlinear trees clusters can have any number of entering lines. On the contrary a
cluster, in both linear and nonlinear trees, can have only either zero or one exiting
line. We call external lines of a cluster T the lines which are either entering or
exiting lines for 7.

We say that the cluster T is a self-energy cluster if (i) T has only one entering
line and only one exiting line, (ii) the entering line carries the same momentum
and component label as the exiting line, and (iii) no line along the path of lines
connecting the external lines has vanishing momentum.

A self-energy cluster by construction can contain other self-energy clusters.
We say that a self-energy cluster is a renormalised self-energy cluster if it does
not contain any other self-energy clusters. We say that a tree 0 is a renormalised
tree if it does not contain any self-energy clusters. Given a self-energy cluster 7',
denote by V(T'), E(T) and L(T) the set of nodes, the set of endpoints and the set
of lines, respectively, contained in 7', and set P(T) = V(T)U E(T). Call V,(T)
the set of nodes v € V(T) with p, = p, and L((T) the set of lines £ € L(T) with
v, = 0 which do not come out from endpoints. Set ky = |P(T)| — |V2(T)|. An
example of self-energy cluster is given in Fig. 10.

Define the self-energy value Vr(w - v) as

VT((uov)zskT< 1_[ gf)( l_[ Fu>, 4.1

teL(T) veP(T)

with the factors F, defined as in Section 3 and the renormalised propagators gJ*
still to be defined.

The renormalised self-energy clusters can be of two kinds: those in which
both external lines are attached to the same node, and those in which there is a
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Fig. 10. Example of self-energy cluster. Let 7' be the set of nodes and lines inside the solid line, i.e.
the set consisting of the line £ with momentum —v; and of the two nodes vy and v, with mode labels
vy and —v1, respectively, connected by such a line. Then 7 is a self-energy cluster if the scale of the
line ¢ is strictly less than the scales of both the line ¢, entering v, and the line ¢; exiting vy, i.e. if
n¢ < min{ng,, ne,}. In such a case £; and ¢ become the external lines of 7. The set of nodes and
lines inside the dotted line cannot be a self-energy cluster, even if it is a cluster and v = v,, because
the path of lines between the external lines contains a line with vanishing momentum.

nontrivial path of lines connecting the external lines. Those of the first type can
be seen as obtained from the expansion of the white square representing a node of
in a linear tree.

Consider a renormalised self-energy cluster T of the second kind. Call v, and
vout the nodes which the entering line ¢;, and the exiting line £, of T, respectively,
are attached to. Then add a further node vy and a further line ¢y and consider the
set 7', with V(T) = V(T) U {vy} and L(T) = L(T) U {£}, constructed as follows.
Detach the line £, from v, add attach it to the node vy, and connect the node v
to the node v,y through the line ¢ (oriented from voy to vg). Finally detach the
line ¢;, from vj, and reattach it to the node vy (so that p,, = 2). The last operation
can be performed in two ways (€j, can be above or below £;), hence it generates
two renormalised self-energy clusters 77 and T”. We call, shortly, shift operation
the mechanism described above; cf. Fig. 11.

Lemma9. For each renormalised self-energy cluster T of the second kind there
is one and only one pair of renormalised self-energy clusters T' and T" of the first
kind which can be obtained from T through the shift operation.
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Eout w Ein

T =

Fig. 11. Examples of renormalised self-energy clusters belonging to the same equivalence class: T is
a renormalised self-energy cluster of the second type, while 7/ and T” are renormalised self-energy
clusters of the first kind. The self-energy values of 7’ and T” are equal to each other: in fact the trees
containing such renormalised self-energy clusters can be obtained from each other by permuting the
entering lines of vg. The external lines ¢;, and £,y do not belong to the self-energy clusters, and have
been drawn only to help visualising the structure of the self-energy clusters.

Proof. The proof is a simple application of the diagrammatic rules described in
Section 3. [ |

This allows us to introduce a notion of equivalence between renormalised
self-energy clusters. Then we can consider the renormalised self-energy clusters
as triples of equivalent renormalised self-energy clusters {7, T, T"}.

Assume that ® be a Bryuno vector. Define

o
— n(d—1) — R
Co= ;2 Oy, Oy = oty(w) = 0<1‘£1|t;2n @ - v, (4.2)

and set , = Cyy,. If the sum in (4.2) diverges, redefine Cy by writing 2”42
instead of 2"¢“~1 (so that convergence is assured because o, < @271, by
Dirichlet’s theorem, ®¥) and replace y, with ,27" in the following multiscale
decomposition — see the definition of the compact support functions y,, after (4.4),
—and in the Diophantine conditions (4.14).

Note that n’ > n implies y,, < y,, while y,y < y, implies n’ > n.

Set Z4 = 7% \ {0}, and define

nw)y={neZ,:2" "< v <2" (4.3)
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forall v € Z2.
Let y(x) a non-decreasing C*°(IR) function defined in R, such that

1, for|x|>Cy,

v = [0, for |x| < C1/2, @4

with the constant C; < Cj to be defined later. Set also x(x) := 1 — ¥(x), and
define, for all n € Zy, x,(x) := x(B~ 'y, 'x) and ¥, (x) := ¥(B~ 'y, 'x), with

B =1/4.
1/1 1 -172
Bolx) = (5 (x_2 o 2/\0)2)) ’ (3)

Define
and, setting M[lol(x) := 0 and Mgol(x) := Ao, define forn > land j = 1,2

M.[/'Sn](x) — ZM.[]'P](X)’

p=0
M) = x0(A0()), -, Xnm1 (Do) M (x), (4.6)
M) =23 D Vi),
k=1 TeSk jn1

where Sy ; , is the set of all renormalised self-energy clusters 7' on scale n with

|P(T)| — |V>(T)| = k and with component label j associated with both external
lines. For n = 0 we interpret Mg»fo] x)= /\/lgo] (x). One has

min{|x], |x + 2Xo|} < Ao(x) < /2 min{|x], |x + 2Ao|}. (4.7)

Then the renormalised propagator is defined as gi* = g, if v, = 0and g =

g @ - ve) if vy # 0, with

_ X0(Ao(x)), - - s Xn—1(Do(xX)) ¥ (Ag(x))
x4+ 2ME () ’

(4.8)

so that we see that g["I(x) # 0 implies

1
E:Byncl < Ao(x) < Byu—1Ci. 4.9)

We associate a scale label ny also with lines with vanishing momentum, by setting
ny = —1.
Note that MF"](x) is defined in terms of propagators on scales n’ < n,

hence in terms of /\/l[/.'fl](x’), with n’ < n: this means that (4.7) provides a recursive
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definition of MF"](x), hence it makes sense. Note also that self-energy clusters
on scale —1 (in particular those consisting of a single node) are not taken into
account in (4.7); this will be motivated by Lemma 10 below.

Define the tree value Val(0) as

Val(@):( I1 g})( I1 Fv>. (4.10)
teL(9) veP(d)

Then, if @Rk , is the set of inequivalent renormalised trees with labels j, v asso-
ciated w1th the root line and with |[P(©)] — |V2(0)| = k, set

Wl = 3" valo), @.11)

00T,

with u3 = u¥l and define the function %(¢) = (u1(¢), u2(t)) as

o0
_ k k vot, [k
)= euln), uMHey=>" el (4.12)
k=1 veZd
and the counterterm 1t as
o0
m= el (4.13)
k=1

that we call the renormalised series for u(t) and p, respectively.

Lemma 10. The self-energy clusters on scale —1 have values which cancel out
exactly when summed together, hence there is no contributions arising from them

to ME.S"](x).

Proof. The self-energy clusters on scale —1 are those represented in Fig. 12.
Hence they would contribute to ./\/l (x) a value fij 9+ iut'! for j =1 and
foao — it for j = 2. By the very deﬁnltlon of ' one has iul'l = — fi1 4, so
that 119+ ipu!'! = Ofor j = 1.For j = 2onehas fy g —iull = fro9+ fi10 =
0, where we used that /' € m, so thattr /' = 0. |

For higher values of n, M')(x) and M) (x) are no longer equal to each

other. However, we shall see that there is a deep symmetry yielding ME"](O) =

—Mg’](—Z)\O) (cf. Lemma 15). Moreover, the cancellation mechanism which leads
to Lemma 10 still works for any #, and implies partial cancellations, as Lemma 16
will show.
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3,0

- ® - + : -
»v 0 v »v 0 5,V
Fig. 12. Self-energy clusters on scale —1 contributing to ./\/l[f"](w - v). The external lines do not

belong to the self-energy clusters, and have been drawn only to help visualising the structure of the
self-energy clusters.

Assume the Diophantine conditions

l@ - v| > C1¥Ynw),
(4.14)
|w Y ZEZ)\.()' > Cl]/n(v)7

for all v € ZZ and all » > 0. For C; < Cj the conditions in the first line are
automatically satisfied by definition. The condition in the second line, called the
(first) Melnikov condition, instead, have to be explicitly required with the constant
C — the same as in (4.4) — still to be fixed.

Let A be the set in which A varies, and call Aj the subset of values 1o € Ag
for which the conditions (4.14) are satisfied. Of course A has to be such that for
Ao € Ag one has A = A9 + u € [a, b], but for the time being we ignore such a
constraint.

5. CONVERGENCE OF THE RENORMALISED SERIES

In this Section we assume that Ay € Af. Hence the Diophantine conditions
(4.14) are satisfied. We want to study the renormalised series for u and p, with
the aim of showing first that they converge, so that the functions & and @ are well
defined, second that u solves the Eq. (2.19) provided one fixes u© = & and both
u and [ are analytic in ¢, third that the relative measure of the set Aj is large.
Finally we have to check that the last property implies that the set of values of A
in [a, b] for which (2.10) is reducible also is of large measure; this will be done in
Section 6.

We note since now that for any renormalised self-energy cluster 7' one has
|L(T)| = |P(T)| — 1,sothat |[L(T)| — |[Lo(T)| = kr — 1. Moreoverif T € S ; ,,
with n > 0, then k7 > 2, because there must be at least one line on scale #.

In the following by saying that some property holds “for & small enough” we
mean that there exists a constant gy (not necessarily the same in all the statements)
such that (i) SOCfl <« 1, and (ii) for |e| < g that property is satisfied. Define also

Ix +2po(x)| := min{|x|, [x + 22o[}, (5.1)
so that pg(x) is either 0 (if x + A9 > 0) or Ao (if x + Ao < 0).
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An important remark is that in the forthcoming Lemmata 11 and 12 the results
hold unchanged if, in (4.9), we replace § with 28 in the upper bound and 8 with
B/2 in the lower bound. Why this is important will be explained in the proof of
Lemma 16.

Lemma 11. Let 6 be a renormalised tree. Call N,(0) the number of lines in L(6)
on scale n. One has

Na(©) < K27"M(©), M@©):= Y |v. (5.2)
veP(h)

for a suitable constant K.

Proof. First note that if N,(0) # 0 then, by (4.9), there exists a line £ € L(0)
suchthat Ciy,—1 > BCiyu—1 = Ix + 2p0(x)| > C1¥u,), hence n(vy) > n, thence
M@B) > |v,| > 2"

Then we prove by induction that

N,O)#0 = N,(0)<227"M(®)— 1. (5.3)

If the root line of 6 is not on scale n the bound (5.3) follows by induction. If
the root line £ of 6 is on scale n consider the lines ¢, ..., £, on scales > n
such that no line along the paths connecting any of them to the root line is
on scale > n. If p > 2 again the bound follows inductively. If p =1 call 9,
the subtree with root line ¢;, and call T the set of points and lines between ¢;
and ¢ (that is which precede ¢ but not £;). Denote by P(T) the set of points
in 7, and define M(T) := 3, pr)|vyl- Call v and v’ the momenta associated
with ¢ and ¢, respectively, and set x = @ - v and x’ = w - v’. One has N,(0) =
1 + N,(6), and both |x + 2p(x)| and |x" 4+ 209(x")| are less than BCiy,_1, SO
that |(x — x") + 2(po(x) — po(x")| < 2BC1¥n-1 < C1¥n-1.

If there is (at least) a line ¢’ with v, = 0 along the path of lines between
the external lines ¢ and ¢;, then there exist two disjoint sets 7; and 7,, with
P(T)= P(T\)U P(T») and L(T) = L(T}) U L(T,) U {£'}, such that both M(T})
and M(T,) are greater than |v|. Since £ is on scale # one has |v| > 27!, so that
M(T) = max{M(Ty), M(T»)} > 27=1_If there is no line with zero momentum
between the external lines, then v # v’, otherwise T would be a renormalised
self-energy cluster. Therefore by the second Diophantine conditions (4.14), one
obtains n(v — v’) > n, so that M(T) > 2"~ also in such a case.

Hence, by the inductive hypothesis

N,(0) <14+Q227"M@®61)— 1) <1 -227"M(T)
+(227"M(©0) — 1) <227"M(0) — 1, (5.4)
and the bound (5.3) follows. [ |
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Lemma 12. Let T be a renormalised self-energy cluster. Call N, (T) the number
of lines in L(T) on scale n, with n < nr. One has

N, (T) < K27"M(T), M(T):= Z [vy| > 2771, (5.5)
veP(T)

with the same constant K as in (5.2).

Proof. We first prove the bound on M(T). By construction 7 must contain at least
a line £ on scale nr, so that |x; + 2po(x¢)| < BC1¥n,—1, With x; = @ - v,. Write
vy = vgo + o¢v, where v is the momentum associated with the entering line of 7
ando, =0, 1,and setx = w - v and x? =w- vg. The entering line of T has scale
strictly larger than nz, so that |x + 200(x)| < BC1Vn,—1. If M(T) < 2"7~! then
9| < M(T) < 2"7~",hence n(v}) < nr — 1,s0that |x} + 200(x})| > C1,0) =
C1¥u,—1, by the Diophantine conditions (4.14). Then one has

C1Yur—1 > 1x¢ + 2p0(x0)| + 0¢lx + 2p9(x)]
> |x{ 4+ 2(po(x¢) — 0¢po(x)| > Ci¥up—1. (5.6)

which leads to a contradiction.

Next we pass to the bound on N, (7). Consider a subset G of the lines of a
tree 6 between two lines £y and £;, Set G = Go U {€in} U {€out}. Let [in], [Pout]
be the scales of the lines £, and ¢;,, respectively, and suppose that ny,, noy > n,
while all lines in G (if any) have scales n’ < ny — 1. Note that in general G is not
even a cluster unless ni,, 1oy > n7. Then we can prove that if N,(Gg) # 0 then
N, (Gy) <2277 Zvep(GO) |v,| — 1, where P(Gy) is the set of points preceding £,
and following £;,.

If Gy has no lines then the mode v, of the (only) node between £, and £,
is such that |vy| > 2"~!, by the second Diophantine conditions (4.14), and the
statement is true. Hence we proceed inductively on the number of lines in Gy. If
no line of Gy on the path P(G) connecting the external lines of G has scale n
then the lines in G on scale n (if any) belong to trees with root on P(G), and
the statement follows from the bound (5.3) for trees given in the proof of Lemma
11. If there is a line £ € P(G) on scale n, then call G| and G, the disjoint subsets
of G such that G; U G, U {£} = G. Then G; U {£{} and G, U {£} have the same
structure of G itself, but each has less lines. Hence, again the inductive assumption
yields the result.

Therefore, as a particular case, by choosing Gy = T, with T’ € & j 5,1, the
bound for N,(Gy) implies the bound on N, (7) we are looking for. |
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Lemma 13. Assume that the propagators gﬁp ](x) can be uniformly bounded for
al0<p<n-—1las
g @) < Kicrly, (5.7)
for some positive constant K. Then one has
Vr(@ - v)| < [ef7 Dfr =y thremaM/2, (5.8)

for a suitable constant D. If also the derivatives of the propagators are bounded
uniformly as

0.8 ()| < K2C72y,°, (5.9)

for some positive constant K,, one has also

d -
3o Vr@liu| < (67D C iy, fr=2em N, (5.10)

for a suitable constant D;.

Proof. For any renormalised self-energy cluster 7' consider the corresponding
self-energy value (4.1). The product of factors F, can be bounded as

I1 F, < F}" [T o™, (5.11)
veP(T) veV(T)UE(T)

while the product of propagators can be bounded, for any m € IN, as

o0
1 1
| | R —(kr=1)  —k § :
& < Cl r ymoTeXp (K 2—nlog y—M(T)), (512)

veL(T) n=mo+1 n

where the first bound (5.5) of Lemma 12 has been used. If we choose m( such that

> 1 1 Ko
K —log — < —, 5.13
Zﬂ on 0g Yo 12 ( )
n=my

then we obtain (5.8). Such m exists because w is a Bryuno vector; cf. (3.2).
Call P(T) the path of lines ¢ € L(T) which are between the external lines of
T'. Then the derivative of V7 (x) can be written as

oVr(x) =7 Y ang( I gﬁ)( I F) (5.14)

LeP(T) veL(T)\¢ veP(T)

so that, by reasoning as in the previous case, using the bounds (5.9) and choosing
again my as in (5.13), we obtain (5.10). |
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Lemma 14. M[/.S"]HR isreal foralln > O0and j = 1, 2.

Proof. The proof is by induction on . For n = 0 the assertion is trivially satisfied.
Then assume that it holds for all n’ < n.

Let T be a renormalised self-energy cluster contributing to ME."](x) through
(4.7). Denote by v;, and vey the nodes in V(7T') which the entering line ¢;, and the
exiting line €, of T are attached to, respectively. Call P(T) the set of lines and
nodes between the external lines of 7.

Together with T consider also the renormalised self-energy cluster 7’ ob-
tained as follows. Detach the line ¢;, from v;, and attach it to the node vy, and
detach the line £, from vy, and attach it to the node v;,. Consistently, orient
all lines along the path P(T) between the external lines of T in the opposite
direction, i.e. from vy to vi,. Finally change the mode labels of all nodes along
P(T), i.e. of all nodes v € V(P(T)), if V(P(T)) denotes the set of nodes along
P(T). The latter operation is possible because of the following reason. Each line
entering a node v € V(P(T)) has zero momentum: indeed for each node v with
branching number p, = 2 one of the three lines connected with v must have zero
momentum (cf. Fig. 8), and by definition of self-energy cluster such a line cannot
lay on P(T'). Hence } . yp(r), ¥» = 0. Note also that each line entering a node
v € V(P(T))is the root line of a tree contributing to %1, for some k,. Along the
path P(T) the propagators have not changed because of the operation above (cf.
the analogous discussion in the proof of Lemma 7), by the inductive hypothesis.
The node factors are changed as described in the proof of Lemma 7. As a conse-
quence, when we sum over all possible renormalised self-energy clusters, we find
ME-S"](x) = MF"]*(x), which proves the assertion. [

Lemma 15. Assume that the propagators gﬁp ](x) and their derivatives can be
uniformly bounded for all0 < p <n — 1 asin (5.7) and (5.9), for some constants
Ky and K,. Then one has M[I"](O) = —Mg"](—2)»0)f0r alln > 1.

Proof. Write Ml["](x) according to (4.7). For any T contributing to Ml["](x) we
construct a renormalised self-energy cluster 7”7 contributing to Mz["](x) as follows.
Call P(T) the path of lines and nodes between the external lines of 7, and denote
with V' (P(T)) and L(P(T)) the set of nodes and the set of lines, respectively,
along P(T). If L(P(T)) = @ the assertion trivially follows from (3.23). Hence in
the following assume L(P(T)) # @.

By definition of self-energy clusterall ¢ € L(P(T)) have momentum different
from zero, while all lines connected to a node v € V' (P(T)) have zero momentum
(cf. Fig. 8). Hence ZveV(p(T)) v, = 0. The nodes v € V(P(T)) are totally ordered,
so that we can number them vy, vy, ..., vy, if N = |L(P(T))|. The self-energy
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cluster 77 is obtained through three steps: (i) first, we associate to each node
v;, 1 =0,..., N, the mode label and the node factor of the node vy_; in T, —
in other words we revert the order of the nodes, — (ii) next, we write all node
factors f11,», and f22.,, as fi1.v, = —f22.v, and f224, = — f11.v,, — by using that
tr f = 0, — (iii) finally we change consistently the component labels j, of the lines
¢ € L(P(T)), — which means that each label j = 1 is changed into j = 2 and
vice versa.

If £ € L(T) is the line connecting, say, v; to vy_; for some k=1,..., N,
we still call ¢ the line in L(7’) which connects vy_j41 to vy_x. For each line
£ € L(T) we can write its momentum as v, = v‘g + v, where v(g is the sum of the
mode labels of the nodes v € V(P(T)) preceding v in T and v is the momentum of
the line entering 7. Then the corresponding line £ in L(7”) will have momentum
—v9 + v. Therefore each propagator gﬁ"](w ‘v, +-v)in T is changed into
ggn_]].(—w v F+w-v)inT.

From the very definition of the propagators one sees immediately that, by
setting x! = w - v} and x = @ - v, one has

[nedg 0y _ Jnedg 0 o Gndy 0
&1 (xz) =& (xz 2)‘0) ==& ( Xe 2)‘0)’ (5.15)
1(x0) = g (<0 + 220) = —g")(— !~ 200).

Now compute Val(T') for x = 0 and Val(7”’) for x = —2A¢. Of course the
node factors do not depend on the momenta, so that

[T A=) T F, (5.16)

veV(P(T)) velV (P(T))

where J(P(T)) is the set of nodes v € V(P(T)) with j,, = jg . It is immediate
to realise that |J(P(T))| has the same parity of |V (P(T))|, — see the proof of
Lemma 7 for a similar argument.

By using (5.15) we obtain also

[T &

LeL(P(T))

=(_1)\L(7’(T))\ 1_[ geR
x=0 LeL(P(T)

(5.17)

x=72k0

Finally we have

ve P(T\V(P(T)) LeL(T)\L(P(T))
=< I Fu)( [T &) (5.18)
veP(T'

NV(P(T) LeL(T\L(P(T"))
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for all xeR, so that, by wusing that (—1)VPON(_1)ILPIN =
(=DHVPONHLPIN = —1 we find V7(0) = —V5(—24o). Then the asser-
tion follows. [ |

Lemma 16. Assume that the propagators g (x) and their derivatives can be
uniformly bounded for all0 < p <n — 1 asin (5.7) and (5.9), for some constants
Ky and K. Then for ¢ small enough andn > 1 one has ./\/l[ln](O) = Mg"](—ZAO) =
0, and

(M| < Bie™ e min ¢, 1x1C7),
’Mgn](x)‘ S B1efk‘2n|8|2min{C]_],|x+2)\0|C]_2}7 (519)

for suitable n-independent constants By and k.

Proof. By using the definitions in (4.7) and noting that all sums are controlled, we
see that the bound (5.8) implies the bound |/\/l[]."](x)| < Bie™?"[g2C" for both
j=1landj =2 '

The proof of the other bounds is more subtle. Let us start with the case j = 1.

Let T be a renormalised self-energy cluster. First consider the case
CiYnmcry) < 4l - v|, where v is the momentum associated with the entering
line of T'. In that case one can extract from the last product in (5.11) a factor
ek M(/4 < e=002"™D'/8 Qince @ is a Bryuno number then a, := 27" log 1 /a,,
tends to zero as n — 0o, hence for @ - v small enough one has e=02"""/8 <
(Coy,,(M(T)))""/S”"‘W”‘ < CoVu(ry < 4CoCy "l - v|, which implies the bound
(5.19).

Then we consider the case Cin(M(T)) > 4|w - v|. In that case for any line
¢ € L(T) and for any n < ng, by the Diophantine conditions (4.14), one has
Ix? + 200(x{)| > C1Vw0), Where xp = @ - vy andx{ = @ - v, withv, = v) + o,
o, =0, 1. Since |v2| < M(T), then C17/n(,,g) > C1¥uu(ry) > 4lo - v|, whichyields

1
2 |x{ +2p0(xf)| = Ixe + 2p0(xe)| = Elx? +2p0(x7)]- (5.20)

Such a property is important for the following reason. It can happen, by the prop-
erties of the compact support functions, that a line £ is such that gﬁj”(xg) # 0,

whereas g%’”(x? + x) = 0. On the other hand in order to exploit the cancellations
describe below we have to consider also renormalised self-energy clusters contain-
ing lines of this kind. Then (5.20) says that in such cases, even if the bounds (4.7)
are not satisfied, one still has bounds of the same form with the only difference
that g is replaced with 28 in the upper bound and with 8/2 in the lower bound.
But this is enough to apply both Lemma 11 and Lemma 12.
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For any renormalised self-energy cluster we consider the renormalised self-
energy clusters which belong to the same equivalence class. Assume that T is that
of the second kind and that 7’ and T” are those of the first type. The corresponding
self-energy values differ because of two facts: (i) the value of 7" and 7" has an
extra overall factor —1/2, deriving from the product of the propagator i times the
node factor i /2, and (ii) for all lines along the path between the external lines of 7
the propagators depend also on @ - v. The latter statement means that if £ is one of
such lines then gf* = gE’Z‘]((u v +w-v)fort e L(T), while gi* = gﬁ.:”](w vY)
for £ € L(T’) and £ € L(T"). Finally, the two renormalised self-energy clusters
T’ and T" have the same values.

Therefore Vr (@ - v) = Vr(0) and Vy (@ - v) = V7 (0) = Vr(0), hence

V(- v)+ V(@ - v)+ Vr(@-v) =Vr(0) + Vr(0) + Vr(0)
+(Vr(@-v) = Vr(0) = Vr(w - v) — Vr(0), (5.21)
as V7(0) = Vv (0) = —Vr(0)/2. By writing

Lodq
Vr(@-v) = Vr(0) = @ - v/ ds = Vr(lioyon (5.22)
0

and using (5.10) the bound (5.19) follows once more.
The case j = 2 follows from Lemma 15. Indeed for any renormalised self-
energy cluster 7 we can write

V(@ - v) =Vr(=2x) + V(@ - v) = Vr(=240))., (5.23)

where

1
d
VT((() . v) - VT(—Z)\,()) = (a) -V + 2)\0)‘/(; dS a VT(x)|x=72)L0+s(w-v+2)L0)

(5.24)
can be bounded by using (5.10), while
iy . g
52 2 Vi(=2k0) = M (=20) = —M"(0) = 0. (5.25)
k=1 T€St2,1
so that the assertion is proved also in such a case. [ |

Lemma 17. Assume that the propagators gﬁp ](x) are differentiable, and that,
together with their derivatives, they can be uniformly bounded for all 0 < p <
n—1asin (5.7) and (5.9), for suitable constants K| and K,. Then for ¢ small

enough /\/l.[fn](x) is differentiable in x, and one has
IMETG) — ME () — 9, MET ) — )] = o(e2C7 71 — x)).

|0, M) < Bale PO, (5.26)
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for a suitable constant B,.

Proof. By writing Mgﬁn](x) according to (4.7), one finds immediately that the
function is differentiable if the propagators are differentiable, and that the deriva-
tive satisfies the bound in (5.19). The factor & is due to the fact that a self-energy
cluster T’ depending explicitly on x has at least ky = 2. [ |

Lemma 18. Assume that the propagators g (x) and their derivatives can be
uniformly bounded for all0 < p <n — lasin (5.7) and (5.9), for some constants
K and K;. Then for ¢ small enough one has
<n 1
x +2M=00)| = 5 80(x) (5.27)
as far as g_E."](x) # 0.

Proof By Lemma 16 one has M{="(0) = 0 and ML>"/(=220) = 2. Set j(x) = 1
when pyg(x) = 0 and j(x) = 2 when py(x) = Ao, so that one can write

x4+ 2M5E ) = x 2B =20000) + (M) - 2MT (20000
— X+ 2p0(x) + 2 (Mgf;)](x) - M_Ef;’)](—zpo)) , (5.28)
where | MU (x) — MEET(—2p0)] < const.le2C?|x + 2p0(x)], by Lemma 17.

Then by (4 7) one has

1 — const.|e|>C;2

|x + ZMI(X) J(x)| = (1 — const.|e|>Cy)|x + 2p0(x)] > 7 Ao(x).

(5.29)
Since |x + 2/\/l3<"/](x)(x)| > (1 — const.|e|2Cy?)|x + ZME.f):')](x)L the bound
follows. ' [

Lemma 19. The propagators gﬁ-"](x) satisfy the bounds (5.7) and (5.9) for all
n=>0.

Proof. The proof can be performed by induction. For » = 1 the bounds (5.7)
and (5.9) are trivially satisfied, as M[IO](x) = 0 and Mgo](x) = )¢, because of the
Diophantine conditions (4.14).

The difference for n» > 1 is that now the propagators depend also on the
functions M[p ! (x), p < n,appearing in the denominators and the compact support

functions. Then assume (5.7) and (5.9) for all p < n. Then one has | g (x)| <
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const. ¥, (Ag(x))/Ap(x) < const.Cl_lyn‘l, by Lemma 18. Moreover

n—1

axgy’](x) = —i Z X0(Ao(x)) ... 9 xp(Ao(x)), ...,
p=0
ax AO(X)
n—1(A n(A RPN
Xn—1(D0(x))¥u( o(x))x +2M5§"](x)
axAO(x)

— i x0(A0(X)) - - - X1 (A0(x))DW(Ag(x) — 22—
1x0(A0(x)) - - Xn—1(A0(x))3Yn( O(X))x+2/\/155"](x)
1+ 20, M=)

(x +2M 7 00P

(5.30)

+ixo(Do(x)) - - Xn-1 (Ao ()Y (AM(x))

where 0 denotes derivative with respect to the argument.
One checks immediately that for all p > 0

Ixp(x) < const.Cl_lyljl, 0Y,(x) < const.Cl_lyljl, 9y Ag(x) < const.,
(5.31)
so that the derivative 9, MES"](X) can be bounded through (5.26), because of the
inductive hypothesis.
Hence, by using once more (4.9) and Lemma 18 to bound the denominators,
we obtain from (5.30)

n—1
|8xg£."](x)| < const.Cl_2 Z y;ly,fl +y vyt ] < Const.Cl_zy,ﬁ,
p=0
(5.32)
which proves the assertion. [ ]

Lemma20. Let) € Aj. Thereexistsgg > 0suchthatfor |g| < &g the coefficients
ugkl j = 1,2, and ™ are bounded by

W] < Be Mgt |uM] < B el (5.33)

Jfor suitable k-independent constants B and k. One can take g9 = O(C\yp,), With
myq depending on k.

Proof. For any tree 0 € @fj’v the value Val(f) can be bounded by using the
bounds (5.11) for the factors F, and the bounds (5.7), proved in Lemma 19,
for the propagators. Summation over the Fourier labels can be performed by
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using an exponential decay factor e M (1)/4 which can be extracted from (5.11).

Summation over the other labels and over the number of unlabelled trees can be
easily bounded as a constant to the power k. [ |

Lemma 21. The function u(t) solves (3.3) for all v # 0, provided p = 1.

Proof. We write

o0
— — i v— — —
uj(t) =1ujo+ E e Ujy, uj,vZE Ujyns
n=0

veZd
[e9]
Uiwn = & Y Val®), (5.34)
k=1 ¢e0f,,
where @k . 1s the set of trees in OR , With root line on scale n.

An 1mportant property of the compact support functions is that
1= "W0,(), ) = x0(Agx) - -1 (Bo)Yn(Ao(x)), (535

where the summand for » = 0 is meant as ¥y(Ao(x)). More generally one has for
alls > 1

1= Z Wpn(x), Wpn(x) := xp(Ao(x)) - .. Xn-1(A0(xX)¥n(Ao(x)), (5.36)

where again the summand for n = p is meant as 1/, (Ao(x)).
We can rewrite the Eq. (3.3) as

ujy =g;x)®;,(u), O;=cefjp+ipn+efjiur+efjpur+ (—1)j+1iuuj,
(5.37)
wherex = w - v, g;(x) = —i(x + 2M (1)), with M (x) = 0 and MY (x) =
Ao.
By using (5.35) we can write

g0, (@) = g;(x) Y Wu(x)®, (@)

n=0

= g;(x) i W,(x) (gﬁ»”](x))_1 (gﬁ"](x)dz,-,v(ﬁ)) . (5.38)

n=0
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where W, (x)(g!"!(x)) ™" = i(x +2M=(x)), and

oo
@@, =" Y Vval@®), (5.39)
k=1 bem
where @Ej’v’n differs from ®Iz.zj,v,n as it contains also trees which can have one
renormalised self-energy cluster 7 with exiting line given by the root line of 8. In
such a case if p is the line of the entering line of 7', then p > 0 and the scale ny
of T is such that ny + 1 < min{n, p}, by definition of cluster.
Then we have

Z‘If(x)( ) (0, u(w)

—i i <x + 2M55”](x)) isk > Val(®)
n=0 k=1 96(')ﬁ,u.n
—2i Z\y (x)ZZM (x)Zs > Val(®)
p=n s=1 k=1 96(),?]‘,#
n—1 p
—2i Z\y @Y > M (x)Zs > Vval®), (5.40)
p=l1s=1 k=1 6e®f ,

and we can use the definitions (5.34) to write

Do DT ValO) =t Y D Val(®) =), (5.41)

k=1 ¢e®F,, k=1 6e®F ,

in the second line and, respectively, in the third and fourth lines.
Then the sum of the third and fourth lines in (5.40) gives

n—1 p
Z\I’Oc)ZZM <x>uw+Z‘If<x>ZZM () jvp
p=n s=1 p=I1 s=1

o0 p P p
=20 > Ty [ Y MW+ Y Y MY 0w, ()
p=I s=1 n=s

s=1 n=p+1

e’} p o0
=20 Wiy, y MUY W, x). (5.42)
p=1 s=1 n=s
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If we define
En(x) 1= X0(Ao(x)) - . . Xn—1(A0(x))Xn(Ao(x)), (5.43)
then in (5.42) we can write
Do) =E) )W, = Eax), (5.44)
n=s q=s

where the property (5.36) has been used. Hence in (5.42) we have
P 00 P
DM@ Y W) =Y MIE)E ) = M) — M),
s=1 n=s s=1

(5.45)

where the factor ME-O] (x) has been subtracted as the sum over s starts from s = 1
and not from s = 0.

If we insert (5.40) into (5.38), by taking into account (5.42) and (5.45), we
obtain

g/ ()P, (@) = gj(x)(i > (e +2MF @)
n=0

o0

—2i Y (MET) - MEO](X))>5,,V,,,

n=1

o0
—gj(x)z x4 2MP)a s, =
n=0 n=0
(5.46)
so that (5.37) is satisfied for u = u. [ |

Lemma 22. The function u(t) solves the system of differential Eq. (2.19) for
all t € R, provided pu = . Moreover the function H defined in (2.20) satisfies
H(u(t)) = 0forallt € R. Bothu(t) and i are analytic in ¢.

Proof. Because of Lemma 21, to show that #(¢) is a solution it is enough to prove
that i solves (3.4), that is 0 = ®; o(u), with @ ;(u) defined in (5.33). But this is
obvious by construction.

The claim on H (u(t)) follows if the solution is in 9, so that (2.16) is satisfied.
But again this follows from the construction of the solution.

Finally the statement about analyticity easily follows from the construction
of the renormalised series. The series defining u#(¢) in (4.12) and ¢ in (4.11) can
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be viewed as power series in & with coefficients depending on ¢. The coefficients
depend on ¢ through the propagators, and in fact are analytic in & (for & small
enough). Hence the series themselves define functions which are analytic in . B

A result analogous to Lemma 22, in particular analyticity of the conjugation
and of the counterterm, was proved by using renormalisation group techniques in
refs. 24, 30. In the case of the Schrodinger equation it was also obtained in ref. 3,
with techniques similar to those used in this paper; cf. also refs. 2, 9, 14, 23 for
related issues. See also ref. 16, Chapter 9, for resummed series defining analytic
functions, in the context of maximal KAM tori.

6. REDUCIBILITY ON A LARGE MEASURE SET

So far we have proved that, as far as Ay € A, the function (¢) solves (2.19).
We still have to prove that the relative measure of Aj with respect to Ay is large,
and we have to see what this means for the parameter A € [a, b]. We shall find
that the subset A* C [a, b] of values A for which the construction envisaged in
the previous sections works is of large measure; this will complete the proof of
Theorem 1.

As a consequence of Lemma 19, we have that (5.19), (5.26), and (5.27) hold
foralln > 0.

For each v € Z¢ we have to exclude all values Ag € A such that |@ - v +
2X0] < Ci¥nw). If we consider Ay as a function of an auxiliary parameter ¢ €
[—1, 1], we can write

® -V +2x() =tCiynw), tel[-1,1], (6.1)
so that
d)\o C]
— = —Vy)- 6.2
dar ) Vn(v) (6.2)

Then for each v € Z¢ we have to exclude all values of ¢ in [—1, 1].

Lemma?23. Thereexistsey > 0ando > 0suchthatforall |e| < &) the Lebesgue
measure of the set Ao \ Ay is bounded proportionally to |g|°.

Proof. The set Aj is obtained by imposing the Diophantine conditions (4.14). Then
we can bound

A
meas(A}) = / =Y / @S- e 63)

veZd vezd
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where we can write

Vo) = 3 yn, < const. 3 2@y, < const. (6.4)
2ovm =2 ), 2

veZd n=0 2n-1<|y|<2n n=0

By inserting (6.4) into (6.3) we obtain meas(Af) < const.Cy, hence Aj is a set of
measure proportional to C;.
By Lemma 20 we can take C; = |¢|?, with 0 < o < 1. Hence the measure
of the discarded set can be bounded proportionally to |e]°. [ |
In the following write #(t, Ao), f4(%o) and M'="\(x, A¢) to make explicit the

dependence of u(t), u and Mgﬁn](x) on Ag. We refer to refs. 7, 35 for the notion
of Whitney differentiability and Whitney extension.

Lemma 24. Assume Lo, Ay € A§. One has
M, 26) = MEx, ) = 83, M, )| = 0(£2C2 12 — Aol
|83, (M=, 20) = MU, 20))| < AilePCy2, 6.5)

for a suitable constant A\. In particular ME»S"](x, Xo) can be extended in all A to
a differentiable function (Whitney extension), whose derivative satisfies the bound
in (6.5).

Proof. The proof is by induction. Mlg.fn](x, Ao) can be written according to (4.7).
Hence it depends recursively on ME«,S",](x), n’ < n, through the propagators, and

one can express BAOMES"](X, Ao) as sum of derivatives of self-energy values,

0, Vr(x) =7 Y 8xogf< I1 gﬁ) < I Fu). (6.6)
LeP(T) CeL(T)\t veP(T)
For n =0 the assertion is trivially satisfied, as gﬁo](x) =—i(x +
2MPx 20))7", with MP(x, 20)) = 0 and MY (x, A9)) = Ao. Then for all
Ao € Af one has 8,2\ (x, ko) = 0and 8,85 (x, Ao) = —2i(x 4 24)2, and one
can consider the Whitney extension of MEQ] (x, Ao)) in all Ag.
For n > 1 assume that all ME,S",](x, Ao), n' < n, can be extended to differen-

tiable functions in A and satisfy the bounds in (6.5). Then the derivative 9;,g/%,
in (6.6), can be bounded because of the inductive hypothesis. Simply, one reasons
as in the proof of Lemma 19, and (6.5) follows. [ |

The Whitney differentiability of ME»S"](x, o) implies also that of u(¢, A¢)
and (o). Hence the following result follows immediately from Lemma 24.
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Lemma 25. The renormalised series for u(t) and . converge to functions which
are differentiable in the sense of Whitney in Aj.

Now, we can conclude the proof of Theorem 1.

Lemma 26. Call A* the subset of [a, b] for which the system (2.19) is reducible.
There exists gy > 0 such that for all |e| < gy the Lebesgue measure of the set
[a, bl \ A* is bounded proportionally to |e|°, with o as in Lemma 23.

Proof. Write Ay + 1 = A. We want to fix the set A so that for Ao € Aj C Ag one
has A € A :=[a, b]. Write Ag = [aop, o], with ap = a — efi10 + ASZCfl and
bo=>b—¢efi10— A82Cf1, where A4 is a constant such that for all 1o € Aj and
all |e] < gp one has |u — ef11.0] < AezCl_1 (this is possible by Lemma 20). Then
meas(Ag) = meas(A) — 2A82C1_1, whereas meas(Aj) = meas(Ag) — O(|¢|”) by
Lemma 23. Call A* the subset of values A € A suchthat A = Ag + u, for A € Aj
and u = u(Xo). By construction A* C A.

By Lemma 25 the function Ay — w(X¢) is differentiable in the sense of
Whitney, so that

dA du

d
— = — (A =14+ —, —| < const.|& 2C*l, 6.7
T~ g 0T W =1 G0 ‘dko = constJe] 67)
where we explicitly used that the first contribution to ; depending on A has size
o2 h.
Therefore

dx
dr < =246 +f dio m < const.|g]?, (6.8)

Ao\Aj

meas(A\A*) = f

A\A*

because meas(Ao\Ag) = O(l¢|”) by Lemma 23, and the assertion is proved. W

So far we assumed O ¢ [a, b]. If 0 € [a, b] we can discard a subset A| C
[a, b] around the origin, of measure O(|¢|?), such that for all A € [a, b] \ A one
has |A| > const.|¢|?. Then |A¢| is bounded below proportionally to |¢|”, because
A — Xo|l = || = O(le]) and o < 1. Though, this does not modify the bounds of
the previous sections. Indeed the only difference is that also the propagators with
vanishing momentum (that is on scale —1) are bounded proportionally to |&|~°
— like those with non-zero momentum v,, which are bounded proportionally to
le]=@ an(3@) — and the bounds were obtained by using that one has at worst a factor
|e|=? per line. Then one can restrict the analysis to [a, b] \ A, and the same
conclusions hold.
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